A displacement-based variational model is developed to study the effects of transverse cracking and local delaminations in symmetric composite laminates. In the model, the crack shape is assumed to be a function of crack density and delamination length. Using a variational approach with the principle of minimum potential energy, governing equations are derived. The effective Young's modulus E x and energy release rate G are theoretically examined as a result of local delaminations.
Introduction
Laminated composites are widely used in many advanced structural applications. During their usage, composite structures are susceptible to progressive damage. The formation of matrix cracks in 90°layers is the early stage of damage when [h m /90 n ] s composite laminates are subjected to quasi-static or fatigue tensile loading. Experimental data shows that transverse cracking causes stiffness reduction in composite structures. Researchers have presented different approaches to study the damage effect induced by transverse ply cracking on material properties of cracked [h m /90 n ] s laminates.
After transverse matrix cracking in [h m /90 n ] s composite laminates, there is a high interlaminar stress concentration at the crack tip. This stress often induces local delaminations at the interface between laminae. With initiation and growth of local delaminations, the strength and stiffness of composite laminates are significantly impaired. For most composite structures, onset of delaminations emanating from transverse cracks is considered sufficient cause to withdraw the structure from service. Thus, it is necessary to investigate the effect of local delaminations that initiate and grow from transverse crack tips.
Compared with the large number of existing works on transverse ply cracking, only a few approaches have been proposed to study local delaminations in [h m /90 n ] s laminates. O'Brien (1985) equation of strain energy release rate (SERR) G by a simple rule of mixtures analysis and classical laminated plate theory. Caslini et al. (1987) used fracture mechanics to conduct a study on damage initiation and accumulation induced by local delaminations. Weitsman (1998, 1999) employed the shear-lag method to model transverse cracking and local delaminations in cross-ply composite laminates under fatigue loading. Berthelot and Le Corre (2000) also used a shear-lag model to evaluate stress distributions in cross-ply composite laminates containing matrix cracks and local delaminations. Thornburgh and Chattopadhyay (2001) used higher-order plate theory to model transverse matrix cracking and local delaminations. Akshantala and Talreja (1998) applied a stress-based variational model to study the evolution of damage induced by matrix cracking and local delaminations in a cross-ply composite laminate. Rebiere and Gamby (2004) modeled the damage behavior of a cross-ply composite laminate under transverse, longitudinal matrix cracking and delaminations using Hashin's approach (1985) . Nairn and Hu (1992) proposed a stress-based variational model to study the local delaminations induced by matrix microcracks in [S/90 n ] s laminates. Zhang et al. (1994) used an improved 2D shear lag model to predict the strain energy release rate G due to matrix cracking and local delaminations in [h m /90 n ] s composite laminates. Then, Zhang et al. (1999) used a first-order shear deformation laminated plate theory and sublaminate method to predict the G in symmetric composite laminates. Kashtalyan and Soutis (2000) applied Zhang's model (1994) to evaluate the stiffness properties of [±h m /90 n ] s composite laminates under local delaminations due to transverse cracks and splits. Then, Kashtalyan and Soutis (2002) derived expressions for strain energy release rate of mode I G I , mode II G II and the total G associated with angle-ply matrix cracking and local delaminations based on the 2D shear lag approach.
Above research work is mostly based on shear lag model and stress-based variational approach. In this paper, a displacement-based variational model is proposed to analyze local delaminations in [h m /90 n ] s (h is assumed as 0°or ±u°) composite laminates. The governing equation is derived from the principle of minimum potential energy. Advantages of the present method are that (1) the true crack shape function is derived as part of the governing equations, (2) unlike the shear lag model no parameters have to be calibrated, and (3) displacement based approach avoids the complex stress boundary conditions at the crack tips. Since the residual stiffness and energy release rate G are two important indices of evaluating the effect of damage due to local delaminations in composite laminates, the energy release rate G and effective Young's modulus E x as a function of delamination ratio in [h m /90 n ] s laminates are investigated in this paper.
Theoretical model
In the present model, a single ply is defined as a lamina and modeled as an orthotropic sheet. The principal material axes as shown in Fig. 1 are longitudinal to the fiber (denoted as 1), transverse to the fiber direction (denoted as 2), and normal to the lamina surface (denoted as 3). The geometry of a laminate with local delamination and transverse cracks under tensile loading is illustrated in Fig. 2 . The transverse cracks are assumed to be evenly spaced and to extend across the entire laminate width, and all delaminations are assumed initiated from transverse crack tips simultaneously. After the start of local delaminations, the damage mode is dominated by interlaminar fracture. The unit cell of a cracked [h m /90 n ] s laminate with delamination between two adjacent cracks shown in Fig. 3 is adopted for predicting the effective elastic modulus and energy release rate G as a function of delamination ratio. The displacement field is assumed to be independent of the y-coordinate (plane strain). 
The strain fields are given as The constitutive equations are
where c ij (i, j = x, z, 5) are elastic stiffness coefficients.
Substituting (1) into (3) and (4), we obtain 
Applying (1) and (5f) into (2) and (6), we know
On the other hand, it is assumed that at x = 0 the z component of displacement varies only in the z direction, therefore 
where
in which p 0 is the applied stress. The variation of energy U is given as From the theorem of minimum potential energy, we have
Therefore, after substituting (5a-c), (12a-c), (16a-c), (19a-c) into (21) with the consideration of (22), for all admissible displacements, there are two governing equations 
with boundary conditions
þ a 47 w 7 þ a 48 w 8 þ a 49 w 9 þ a 50 w 10 þ a 51 w 11 þ a 52 w 12 þ a 53 w 13 þ a 54 w 14 ¼ 0;
w 2 þ a 86 w 9 þ a 91 w 10 þ a 95 w 11 þ a 98 w 12 þ a 99 w 13 þ a 100 w 14 ¼ 0; a 22 f 1 ðl u Þ þ a 37 f 2 ðl u Þ þ a 53 f 3 ðl u Þ þ a 60 w 2 þ a 87 w 9 þ a 92 w 10 þ a 96 w 11 þ a 99 w 12 þ a 101 w 13 þ a 102 w 14 ¼ 0; Solving (23a) with consideration of (7) and (9), we have the first solution
where k i (i = 0, 5) are listed in the appendix (Eqs. (A.5)), and
The second solution is
and a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
The third solution is 
for
and
The last solution is 
where k i (i = 6, 9) are listed in the appendix (Eqs. (A.5)), and
Then, solving (23b), we obtain
From (7), we have
Thus,
On the other hand, the expressions of f 1 (x), f 2 (x) and f 3 (x) have already considered the constant c 3 , therefore / (z) is
Effective modulus
The effective elastic modulus in [h m /90 n ] s laminates with transverse cracking and local delaminations generally depends on the crack density and delamination ratio. The crack density w and delamination ratio q are defined as
where t 1 is the thickness of the 90°ply, l d is the delamination length and l is the half length of unit cell. When we know the crack density w and delamination ratio q, we can solve k 1 , k 2 , a, b, d 1 , d 2 and w i (i = 1, 14) from (24b), (25b), (26b), (27b), (28a), (30a) and (23c) with a numerical method. On the other hand, Young's modulus E 0 for an uncracked laminate is determined by lamination theory. After matrix cracking and local delaminations, the effective longitudinal Young's modulus E x is calculated as
Introducing (12a) and (19a) into (33) with consideration of (33a) gives
Energy release rate
The energy release rate is an important index for evaluating local delaminations induced by transverse matrix cracking. The energy release rate G is defined as
where U Total is the total potential energy of the laminate with a unit width and A is the total delamination area.
If a [h m /90 n ] s composite laminate has N microcrack intervals associated with a delamination length l d , U Total and A are given as
where U is the potential energy per unit cell which is given in (20). Substituting (36) into (35) and using a finitedifference equation for the derivative, the energy release rate G for local delaminations is obtained as
If the computed energy release rate G remains constant with decreasing values of Da, convergence is guaranteed.
Results and discussion
In this paper, analytical investigation of local delaminations in [h m /90 n ] s composite laminates due to transverse cracking is performed. Two composite materials reported by Ogihara and Takeda (1995) and Joffe and Varna (1999) are selected to investigate the effective longitudinal Young's modulus E x and energy release rate G as a result of local delaminations that emanate from transverse cracks. One is a glass/epoxy composite and the other is a T800H/3631 carbon/epoxy composite. The corresponding properties are listed in Table 1 .
The changes in longitudinal Young's modulus E x as a function of crack density for T800H/3631 [0/90 n ] s (n = 2, 4, 6) laminates when the delamination ratio q equals 0.1 are shown in Figs. 4-6. Kashtalyan and Soutis (2005) also gave their predicted results based on shear-lag approach. Compared with experimental results, the present model gives an accurate prediction. It indicates that our model is able to predict the degradation of E x due to local delaminations for carbon/epoxy cross-ply laminates. Results also show that the stiffness loss Table 1 Material properties of composites The reason is that 90°layers take more portion of the applied load than 0°layer because of a greater relative thickness of 90°layers in the uncracked [0/90 6 ] s laminates, so that local delaminations lead to more loss in load-carrying capacity for the [0/90 6 ] s laminates. Therefore, the thickness ratio h 90 /h 0 plays an important role in the residual stiffness for damaged composite laminates. Although the shear-lag model also gives good results, its accuracy depends on shear-lag parameters that are calibrated. The degradation of longitudinal Young's modulus E x due to local delaminations for [±u/90 4 ] s glass/epoxy laminates when the crack density w = 0.75 is plotted in Fig. 7 . It shows that the stiffness loss increases with increasing ply orientation angle u under the same delamination ratio. Local delaminations cause more stiffness epoxy laminate when u 6 40. Therefore, under the same configuration and crack density, the propagation of local delaminations is more stable in angle-ply carbon/epoxy laminates than in glass/epoxy laminates.
Summary and conclusions
In this paper, a displacement-based model is developed to predict the effective longitudinal Young's modulus E x and energy release rate G in [h m /90 n ] s composite laminates with transverse matrix cracking and local delaminations. The governing equations are derived based on the variational theory and principle of minimum potential energy. In the model, the crack shape as well as E x and G are functions of crack density and delamination length. The effect of local delaminations on E x and G is examined by using glass/epoxy and carbon/ epoxy [±u/90 4 ] s composite laminates, where u = 0°, 15°, 30°, 40°. From the results, we conclude that: and G in ''hot-wet'' conditions. 5. The developed model can be extended to study local delaminations induced by the random distribution of transverse cracks in composite laminates. In addition, this model can be applied to calculate the individual components of the energy release rate for local delaminations. 
